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1 Introduction
In programming languages, pattern matching allows a program to analyze the different possible
values a term can take described by so-called patterns. It is therefore present in a lot of functional
programming languages, including Haskell, OCaml and Scala. In the case of proof assistants like
Agda, totality is important so these patterns have to cover all possible cases. One way to do so is to
propose a pattern for each constructor of the type of the eliminated term. However, in the presence
of indexed datatypes, some patterns can often be ruled out by looking at the type of the term. For
example, in Agda, given the datatypes N and Vec for natural numbers and lists indexed by their
size (defined in Appendix A), one can define a head function that operates on any non-empty list
as follows:

head : {A : S e t } { n : N } → Vec A ( Suc n ) → A
head ( Cons _ a _ ) = a

Head of a vector in Agda

Here, there is no case for the empty list ( Nil ). It can safely be omitted. Indeed, the type that this
pattern would have ( Vec A Zero ) is incompatible with the type that we already know the term
has ( Vec A (Suc n) ). This incompatibility is found via unification. As the unification algorithm is
at the heart of Agda, it will be present in Agda Core, a work-in-progress core language for Agda.
However, the unification algorithm might rely on implicit assumptions – like uniqueness of identity
proofs [2]. In a core language made to study mathematical theories like homotopy type theory, this
is inconsistent. To prevent that, a specification of this algorithm is needed. The formalisation of
this specification in Agda, as a part of Agda Core, is the topic of this work.

2 Agda Core
The main use of proof assistants, like Agda, is to increase the trust that we have in mathematical
proofs by verifying them. It is especially useful for long and fastidious proofs where small mistakes
can easily be overlooked. However, the code behind these proof assistants is also quite complex.
For example, Agda 2 was first released in 2007 and has been continuously improved since then
with more than 20 000 commits and almost 6 000 issues. This complexity is an obstacle to the
trustworthiness as it can hide bugs which could lead Agda to accept invalid proofs. In fact, several
ways to prove false have already been found (many were solved) and others could still be unnoticed.

To solve this issue, several proof assistants have a core language: a minimal fragment of their
language used to rebuild everything from it. The aim of core language is to increase the trust in
a proof assistant, therefore they are most of the time formalised like MetaRocq [8] for the Rocq
Prover or Lean4Lean [1] for Lean. Agda Core is no exception and is mainly implemented in Agda
[5]. Agda Core’s implementation also uses a correct-by-construction approach. The data structures
used in the code are made as restrictive as possible to ensure by their definition that they can only
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be used for their intended purpose. For example, in a typing judgement, Γ ⊢ 𝑎 : 𝐴, the construction
of _ ⊢ _ : _ makes it impossible for 𝑎 or 𝐴 to contain variables not present in Γ. Hence, 𝑎 and 𝐴

are well scoped by construction. This is made possible by indexing terms, types, contexts, typing
judgements, etc by a scope, a list of variables: it makes dependencies explicit. This syntax prevents
many mistakes but makes it harder to manipulate variables which is needed for unification.

Most core language do not use a unification algorithm and do not accept generic pattern matching
where some patterns are omitted because their types do not correspond to the type of the eliminated
term. For example, in Rocq, there is an elaboration from the syntax used by the Rocq to the syntax
of the core language. It transforms generic pattern matching into a pattern matching on all possible
constructors of the type of the eliminated term (Appendix C). In order to recheck Agda files via
Agda Core, an elaboration algorithm (programmed in Haskell1) also exists for Agda Core. However
to keep this algorithm as simple as possible, Agda Core syntax is close to the internal syntax of
Agda.2 As such, it supports generic pattern matching in its full generality. Hence, Agda Core needs
a unification algorithm.

3 Unification
The specification of unification is one of the challenges of Agda Core. It involves choosing the right
data structures, and mistakes in the specification can lead to unwanted assumptions.

Let us first define what a unification problem is. Unification problems are stated using telescopic
equalities. They are lists of named equalities. Each equality is written 𝑒 : 𝑡 ?

=𝐴 𝑢 where 𝑒 is the
name of the equality and 𝑡 and 𝑢 are terms of type 𝐴. 𝑡 and 𝑢 are what should be unified. In the
case of the empty telescopic equality, () there is nothing to unify. A unification problem is, given
a context and a telescopic equality, to determine if, by following a given set of unification rules,
there exists a path to an updated context and an empty telescopic equality. The name "telescopic
equality" comes from the fact that the type of an equality can depend on the previous ones. This
allows us to write heterogeneous equalities (like in Appendix B).

Let Γ := 𝑎 : 𝐴,𝑛 : N, 𝑏 : 𝐴

(Γ), (𝑒 : Cons 1 𝑎 Nil ?
=Vec 𝐴 1 Cons 𝑛 𝑏 Nil) (1)

⇝ (Γ), (𝑒0 : 1
?
=N 𝑛) (𝑒1 : 𝑎

?
=𝐴 𝑏) (𝑒2 : Nil

?
=Vec 𝐴 0 Nil) (2)

⇝ (𝑎 : 𝐴,𝑏 : 𝐵), (𝑒1 : 𝑎
?
=𝐴 𝑏) (𝑒2 : Nil

?
=Vec 𝐴 0 Nil) (3)

⇝ (𝑎 : 𝐴), (𝑒2 : Nil
?
=Vec 𝐴 0 Nil) (4)

⇝ (𝑎 : 𝐴), () (5)

Basic unification example

With the datatypesVec andN
for vectors and natural numbers
and a type 𝐴, each line of the ex-
ample on the right is a unifica-
tion problem. In (5) the problem
is solved because the telescopic
equality is empty.
To solve these problems, uni-

fication rules are used to trans-
form a problem into an equiva-
lent one until either the unifica-
tion fails or the telescopic equal-
ity of the problem is reduced to the empty one. There are two kinds of unification rules: positive
and negative. During unification, if a negative rule is encountered, it is possible to directly conclude
that unification is impossible. In total, there are only 5 rules, 3 positive and 2 negative. The positive
are, solution when a variable is replaced by a term, the rule used to go from (2) to (3) and from (3) to
(4), deletion when two terms are the same (only valid for terms with uniqueness of identity proofs

1This process of rechecking the files is entirely run in Haskell but the rest of the Haskell files are extracted from Agda Core
source files (in Agda) via agda2hs[3]. It is still a work in progress and only works on simple examples.
2However, the surface syntax of Agda used for pattern matching is quite different from Agda Core’s syntax and Agda’s
internal syntax which both use case trees.
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as otherwise it would create this assumption) and injectivity to advance when we face two identical
constructors like in (1) or (4). The negative rules are, conflict which states that if two terms are
created from different constructors, they cannot be unified, and cycle, to prevent the unification of
a variable with a term using this variable.

While these rules are rather intuitive, formulating them in the wrong way can lead to properties
like uniqueness of identity proofs or injectivity of type constructors (incompatible with univalence
and excluded middle [2]). However, Agda is a proof assistant and aims to cover as many type
theories as possible, including homotopy type theory, so staying agnostic on these properties is
important in the context of Agda Core. The paper of Cockx and Devriese [2] presents a unification
system with rules preventing this loss of generality. These rules have been implemented in the
unification algorithm of Agda 2.5.1 and a formalisation work has already been done by Lieverse [6]
using axiom K. In the Equations extension for Rocq, another unification system was used which is
comparable but slightly more restrictive than these rules [9]. If unification is a solved problem for
first order[7], it is undecidable for higher order[4][10].

4 Contribution
I have implemented two distinct data structures for telescopic equality in Agda. The one presented
in Section 3, which is easier to read, and another, composed of two lists of terms and a telescope,
the type of these lists. I proved an equivalence between the two representation and began to
use both in order to find the most suitable one in this case. The problem was to construct and
eliminate a structure where, in each equality, the type can depend on the previous equalities
but the terms cannot. For example, given a type 𝐴 and a dependant type 𝐵 𝑥 , in the context
Γ′ := 𝑎 : 𝐴, 𝑎′ : 𝐴,𝑏 : 𝐵 𝑎,𝑏′ : 𝐵 𝑎′, (𝑒0 : 𝑎

?
=𝐴 𝑎′) (𝑒1 : 𝑏

?
=𝐵 𝑒0 𝑏

′) is a valid telescopic equality but
(𝑒0 : 𝑎

?
=𝐴 𝑎′) (𝑒′1 : 𝑎

?
=𝐴 𝑒0) is not. With the correct-by-construction approach where each type or

term is indexed by the variables that it can use, the first structure where each equality was an object
became very hard to manipulate because, in the same equality, terms and types were constructed
in a very different way and did not use the same variables. In the previous example, in 𝑒1, 𝑏 and
𝑏′ are "𝑎, 𝑎′, 𝑏, 𝑏′ terms" but 𝐵 𝑒0 is a "𝑎, 𝑎′, 𝑏, 𝑏′, 𝑒0 type". In the second structure, the separation in
distinct lists made variable’s handling much simpler.

Using this second definition, I wrote down a specification of the unification rules of Cockx and
Devriese [2]. The injectivity rule was the most technical as it starts with a constructor and two sets
of arguments (implemented as lists of independents terms), and generates a telescopic equality,
with potential dependencies in the types. For example, it happens in the unification of a dependant
pair, Γ′, (𝑒 : (𝑎, 𝑏) ?

=Σ𝑥 :𝐴,𝐵 𝑥 (𝑎′, 𝑏′)) becomes Γ′, (𝑒𝑎 : 𝑎 ?
=𝐴 𝑎′) (𝑒𝑏 : 𝑏 ?

=𝐵 𝑒𝑎 𝑏′) where the type in
𝑒𝑏 depends on 𝑒𝑎 . Many substitutions were also needed because of the explicit dependencies. Due
to the technicality of the injectivity rule, a first version was implemented with axiom K before a
second version, less powerful and without this assumption, was added.
I also wrote an algorithm to check if variables can be swapped in a context. This algorithm is

needed because unification can change the order of the variables. For example, it happens in the
case of (𝑎 : 𝐴) (𝑛 : N) (𝑣 : Vec 𝐴 𝑛) (𝑏 : 𝐴) (𝑚 : N) (𝑤 : Vec 𝐴 (Suc𝑚)), (𝑒0 : 𝑛

?
=N Suc𝑚). After 𝑛 is

unified with Suc𝑚, v depends on𝑚 so the initial order of the variables cannot be kept ((6) to (7) in
Appendix B).

5 Future work
The next step is, of course, to use this specification in the implementation of a unification algorithm
for Agda Core. Once this algorithm is programmed, further work will be needed on the existing
type checking algorithm to call the unification algorithm when it is needed.

https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L99
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L99
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L87
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L87
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L176
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L224
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L274
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L274
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Rules/Unification.agda#L300
https://github.com/jespercockx/agda-core/blob/main/src/Agda/Core/Checkers/Unifier.agda#L114
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A Definition in Agda

da t a N : S e t where
Zero : N
Suc : N → N

da t a Vec (A : S e t ) : N → Se t where
N i l : Vec A Zero
Cons : ( n : N ) → A → Vec A n → Vec A ( Suc n )

B A more complete example
Let Γ0 := (𝑎 : 𝐴) (𝑛 : N) (𝑣 : Vec 𝐴 𝑛) (𝑏 : 𝐴) (𝑚 : N) (𝑤 : Vec 𝐴 (Suc𝑚)) in
Let Γ1 := (𝑎 : 𝐴) (𝑚 : N) (𝑣 : Vec 𝐴 (Suc𝑚)) (𝑏 : 𝐴) (𝑤 : Vec 𝐴 (Suc𝑚)) in
Let Γ2 := (𝑎 : 𝐴) (𝑚 : N) (𝑣 : Vec 𝐴 (Suc𝑚)) (𝑤 : Vec 𝐴 (Suc𝑚)) in
Let Γ′ := (𝑎 : 𝐴) (𝑚 : N) (𝑣 : Vec 𝐴 (Suc𝑚)) in
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(Γ0), (𝑒0 : 𝑛
?
=N Suc𝑚) (𝑒 : Cons 𝑛 𝑎 𝑣

?
=Vec 𝐴 𝑒0 Cons (Suc𝑚) 𝑏 𝑤) (6)

⇝ (Γ1), (𝑒 : Cons (Suc𝑚) 𝑎 𝑣 ?
=Vec 𝐴 (Suc 𝑚) Cons (Suc𝑚) 𝑏 𝑤) (7)

⇝ (Γ1), (𝑒1 : Suc𝑚
?
=N Suc𝑚) (𝑒2 : 𝑎

?
=𝐴 𝑏) (𝑒3 : 𝑣

?
=Vec 𝐴 (Suc 𝑚) 𝑤) (8)

⇝ (Γ1), (𝑒2 : 𝑎
?
=𝐴 𝑏) (𝑒3 : 𝑣

?
=Vec 𝐴 (Suc 𝑚) 𝑤) (9)

⇝ (Γ2), (𝑒3 : 𝑣
?
=Vec 𝐴 (Suc 𝑚) 𝑤) (10)

⇝ (Γ′), () (11)

Unification example

C The Rocq’s elaboration

I n d u c t i v e N : Type : =
| Zero : N
| Suc : N → N .

I n d u c t i v e Vec (A : Type ) : N → Type : =
| N i l : Vec A Zero
| Cons : ∀ ( n : N ) , A → Vec A n → Vec A ( Suc n ) .

D e f i n i t i o n head {A : Type } { n : N } :
Vec A ( Suc n ) → A :=
fun v ⇒ match v with
| Cons _ _ a _ ⇒ a
end .

P r i n t head .

Output of the print:

head =
fun (A : Type ) ( n : N ) ( v : Vec A ( Suc n ) ) ⇒
match

v in ( Vec _ n0 ) r e t u r n match n0 with
| Zero ⇒ IDProp
| Suc _ ⇒ A
end

with
| N i l _ ⇒ i dP rop
| Cons _ _ a _ ⇒ a
end

: ∀ {A : Type } { n : N } , Vec A ( Suc n ) → A
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